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Microscopic Bidomain Model
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Figure: Geometrical set up of EMI model
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Well-Posedness of ;,-Model' (One cell + Gap-junctions) gyé%??ﬁ

MICROCARD

Some
Hypothesis

Weak Formulation Elliptic problems Lax — Milgram
. n > 3" Vn
Time discretisation a(u", ¢) = L(¢)

Piecewise Solution

in Time
\
E Himat Compactness
nergy estimates | —3 b »
Convergence Posedness

'PE. Bécue. Modélisation et simulation de I'électrophysiologie cardiaque a I'échelle microscopique. UB, 2018.
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Finite Volume Methods
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Cell-Centered Finite Volume ok 8

Philosophy of the ”Cell-Centered” FV Schemes

» Involve a single unknown ug per K, taken as approximation of the value of u at each cell.

» Writing the balance equation over each cell, for which we associate the linear system.

They are based on three principle ideas:

» Subdivision of the spatial domain into subsets called Control Volumes.
» Integration of the equation to be solved over the Control Volumes.

» Approximation of the derivative (flux) appearing after integration.
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Admissible ? Orthogonal Meshes (7, £, P) "“";ﬁ;
Notations

Admissibility
> T =ToxTi = {K}.

» & ={e:=K|L or K|.}.
» P={xxcK,VKeT}
» size(T) := maxger diam(K).

. el 0 D N
> & gint? Eint) &y, gextv gext'

> |e|7 |K| Nge, dea dKA,e-

» T = AtN,t" =nAt,Vn e {1,..., N}

ZR.Eymard, T. Callouet and R. Herbin, Finite volume methods,0ctober 2006. Handbook of Numerical Analysis,vol 7.
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FV Scheme Construction

Exact Balance Equations

The integral form of Eq (1.1) on "any cell K € 7 at time t" reads

- Z /okVuk cNKe = 0.

ecly

The integral of Eq (1.2) on "any interface e = K|L € £x” at time t" reads

e
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FV Scheme Construction

Exact Balance Equations

The integral form of Eq (1.1) on "any cell K € 7 at time t" reads

— Y Fg.=0.

ectx

The integral of Eq (1.2) on "any interface e = K|L € £x” at time t" reads

~Fre=Flo=— <cm / ov(t",) + / Lion (v(t", -))> :
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TPFA Finite Volume Scheme (N x Ny, Eq) gyé%??ﬁ

Discrete Balance Equations
We look for (u-,v%) € R7 x R¥, such thatvn € {1,...,N}

- > Fg =0, forallK € T, (4)
ee€y
C
—F%, =F, = — (KH;(VZ v 4 Iion(vz_l)) le], foralle = K|L € &y, (5)

Where the numerical flux Fg, reads

Fy, =7e(u] — ug) ife=KILe&NE,KeT, (6)
e =Te(gd" — k) ife=K| €& NEny, K€ To, (7)
ke =— 95" e] ife=K| € & NEN,, K € To, (8)
Fg, =7e(uf — ug — vy) ife=K|[Le&N&s,KeTy, LETh 9)

The discrete balance equations (8)-(13) have a unique discrete solution (u"T, V”T) (By R.E. & all)
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TPFA Finite Volume Scheme (N x Ny, Eq)

Discrete Balance Equations
We look for (u,v%) € R7 x R¥, such that Vn € {1,...,N}

— ZFl’éezo, forallK € T,
ec&x
%e = Fl, = — (CAmt(v —vy )+Iion(VZ’1)) le], foralle = K|L € &y,
Where the numerical flux Fg, reads
Fy, =Te(up — ug) ife=KILe&NESKeT,
F%, =7o (gD — u}) ife=K|le&nNE2, KeTo,
no=—ghme| ife = K| egKmegm K € 7o,
Fy, =7e(u] — ug —v3) ife=K|ILeé&NEs, KeTo, LET

» Introduce the "auxiliary” unknowns uge, Ure S.t. : Ff, = Te (Ux,e — U}), Fl, = Tre(Ure — uf).

> Thanks to Fg, + Fj, = 0, one deduce ux,e = ~F—ug + - (uf — ), ue = = (ug +vg) +
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n n
AT c B urT = Cm ,n—1 ¢ n—1 (10)
BT C+ Sule|Idyy ) \ V5 — (v + Lo (VF 1)) Jef

> A:square matrix (N7 x N7), with agy = —7 and akk = ) ocg, Te-
» B: matrix (N7 x Ny), with bg, = 7. and b, = —7e.
» C: matrix (Ny x Ny), with cee = 7e.

» Schur complement: matrix (Ny, x Ny)

C
(C— BTAB)VF = —[e] S (v — v ) + felFon (¥} ) — BTATIG".
NS

Linear system (10) is SDP and coercive with a standard discrete H 1 semi-norm and L2 norm.
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Convergence of TPFA Scheme
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Convergence Analysis of TPFA Scheme
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Outline of the Proof (C? regularity)

» Defines errors associated with (u’-, V7).

n —n n n byl n
T]T:quuT, GT:VvaT.
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Convergence Analysis of TPFA Scheme
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Outline of the Proof (C? regularity)

» Defines errors associated with (u’-, V7).

> Compare F} , with Fy ,.

‘e’RIré,e(u()? ul) = j:lré,e - Flré,e'
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Convergence Analysis of TPFA Scheme ok 8

Outline of the Proof (C? regularity)

» Defines errors associated with (v, V7).
> Compare F} , with Fy ,.
» Subtract the discrete flux balance equations from exact flux balance.

- Z(A — Fg,) = Z |e|Re;

ecly ec&y

T 7 T ¢ — —n— —
— (B — FR) = —lelR}, — (emT + 2 Jel — (52008 — ") + Fon(72") ~ Fon(V2 1)) el
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Convergence Analysis of TPFA Scheme ;“p

Outline of the Proof (C? regularity)

» Defines errors associated with (v, V7).

> Compare F} , with F ,.

» Subtract the discrete flux balance equations from exact flux balance.
» Error estimate.

, A _
m' At (177 ) [, + el 77 5 < em <1 +- At) 17 ol lo.s + AR™ (€, 7)1
m

+ At (em|T7 o,z + 187 lo,5) 177 llo,=,
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Convergence Analysis of TPFA Scheme

Outline of the Proof (C? regularity)

» Defines errors associated with (U, V7).

> Compare F} , with F ,.

» Subtract the discrete flux balance equations from exact flux balance.
» Error estimate.

» Extracting two inequalities.

(22,7) (1

2 2 ,\"?
R L B
TP N T e T)

N O(size(T)+At)

2 C
Acy (e < Slnflies + 26015 + 287 +2(A + DT max |05 s

n=1
0(size(T)+At)
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Convergence Analysis of TPFA Scheme LA
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Outline of the Proof (H? regularity)

» Convex-hull for any K,
Vke={sx+ (1 —s)xg,x € e,s € [0,1]}.

o = d'Ke/
» We assume without loss of generality the T >
following geometry = Figure.

>
>

» Regularity conditions on the mesh + xx = (=dge, 0) (0,0)
Technical computations.

» Consistency error & o=(0,e)
IR ol < Crntaelirs |l )

. . Figure: Convex-Hull
» Same generic form of the error estimates

like above.
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Drawbacks of TPFA
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Drawbacks of TPFA v/

How to find an admissible mesh The discrete gradient is not good

» Cartesian meshes: OK . S .
» One direction of gradient

» Non Cartesian quadrangle meshes: approximation.
IMPOSSIBLE.

» Conforming triangular meshes: OK ./,
BUT (maybe d, = 0).

» Weak convergence of the gradient.

» Non Conforming triangular meshes :
IMPOSSIBLE.
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Drawbacks of TPFA 5‘; &

How to find an admissible mesh The discrete gradient is not good

» Cartesian meshes: OK . S .
» One direction of gradient

» Non Cartesian quadrangle meshes: approximation.
IMPOSSIBLE.

» Conforming triangular meshes: OK ./,
BUT (maybe d, = 0).

» Weak convergence of the gradient.

» Non Conforming triangular meshes : = Approximation of the gradient
IMPOSSIBLE. using more than 2 points !!
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Flexible scheme: SUSHI

Zeina CHEHADE (UB/Inria)

3" MICROCARD Workshop/ Strasbourg

25



SUSHI® (Scheme Using Stabilization and Hybrid Interfaces) ;:f%’fg
Toy Problem

—div(A(x)Vu) =f, on Q

13
u =0, on o2 (13)

3Discretisation of heterogeneous and anisotropic diffusion prb on general nonconforming meshes SUSHI R. E. & all.
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SUSHI® (Scheme Using Stabilization and Hybrid Interfaces) A
Toy Problem

—div(A(x)Vu) =f, on Q

13
u =0, on 9f) (13)

Philosophy of SUSHI Scheme

» Weak formulation with discrete space xp o = {(ux, ue) € R7 x RE,u, = 0,Ve € Eux}.
» Unknowns on cells (SUCCES) and on interfaces (HFV).

» Set of edges splits on barycentric and hybrid edges £ = £ U y; ue = > 7ruUk, Ve € E.
» Geometric formula = Vgu = ﬁ > ecey l€l(Ue — ux)ng e

= adapted to ;-Model ?!

3Discretisation of heterogeneous and anisotropic diffusion prb on general nonconforming meshes SUSHI R. E. & all.
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» Conclusion

— Well-posedness of ;-Model.

— TPFA Scheme on Admissible mesh

— Convergence Analysis via Error Estimates with different regularities.
— Extension to more flexible scheme with general meshes "SUSHI".
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Conclusion, Ongoing & Outlook gyé%}%’
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» Conclusion

— Well-posedness of ;-Model.

— TPFA Scheme on Admissible mesh

— Convergence Analysis via Error Estimates with different regularities.
— Extension to more flexible scheme with general meshes "SUSHI".

> Ongoing
— Coding TPFA scheme (2D with triangular mesh, and 3D with FV5-point scheme with rectangular
mesh).
— Working on the SUSHI scheme.
— Time integration IMEX or Rush-Larsen.

» Outlook

— Diamond Scheme.
— Implementation on OpenCarp?
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» Conference Paper (FVCA10 / Strasbourg):

— Zeina CHEHADE & Yves Coudiere, "Two-Point Finite Volume Scheme for a Microscopic Bidomain
Model of Electrocardiology”.

» Article:

— PE. Bécue, Zeina CHEHADE, Yves Coudiére, "Existence of a Solution for a Micrsocopic Bidomain
Model of Electrocardiology”. (Reduction)
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